Abstract-An 8 × 8 two-symbol decodable quasi-orthogonal space-time block code (QO-STBC) is presented which can be transmitted across either 8 or 4 antennas with full rate and the same full diversity order. For the 8-transmit-antenna system, a new expression is developed to identify rotation angles that maximize the diversity (eigenvalue) product. In addition, it is shown that the previously proposed sum-eigenvalue maximization criterion for the design of rotation angles is not relevant/applicable and an alternative minimum eigenvalue maximization criterion is suggested. Finally, new optimal rotation angles are obtained by working directly with a pairwise-error-probability (PEP) upperbound expression. For 4-transmit-antenna systems and correlated channel fading conditions, the PEP-upper-bound is modified accordingly to take into account the channel correlation. Using the new PEP-upper-bound we obtain rotation angles that maximize the diversity product and find, contrary to previous results, that the optimized angles are independent of the correlation coefficient. Simulation studies initiated herein demonstrate the advantage of using the proposed codeword across 4 transmit antennas when compared with other 4×4 QO-STBC transmission schemes. For 8 transmit antennas, the studies compare the three selected rotation angle optimization criteria (diversity product, minimum eigenvalue, PEP-upper-bound).
structure of [4] , [5] and modifying the constellation of some of the symbols. ML decoding of the QO-STBCs in [7] [8] [9] requires joint detection of two complex symbols (or equivalently four real symbols). Interleaving real and imaginary parts of different symbols enables single-complex-symbol decoding of full-rank, full-diversity QO-STBCs for the 4-transmit-antenna case [10] , [11] , at the expense of some performance loss in comparison with joint two-symbol detection [7] .
The codewords in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] partition the symbols into orthogonal sets and ML detection requires only joint decoding of the symbols in each orthogonal set individually. Since the complexity of the ML decoder increases exponentially with the number of symbols in each orthogonal set, a trade-off between rate/diversity and decoding requirements is taking shape, especially for large number of transmit antennas. In [12] , QOSTBCs for 8 transmit antennas that attain full diversity and full rate were presented that require, however, joint detection of four complex symbols (or equivalently eight real symbols). Reduction in complexity was achieved for the 8-antenna case through the process of interleaving the real and imaginary parts of different symbols [13] , [14] ; the codewords can be partitioned into four orthogonal sets and hence require joint two-complex-symbol decoding only. In [15] , [16] , codes that partition the symbols into four semi-orthogonal groups are proposed.
In this paper we present an alternative two-symboldecodable, full rate 8 × 8 QO-STBC form that can be applied across either 8-transmit or 4-transmit-antenna systems with the same full diversity order (making the 4-antenna option most appealing). The proposed QO-STBC employs constellation rotation (CR) and symbol-interleaving similar to [13] , [14] , however, the 8 × 8 codeword can be divided into two 4 × 4 codewords. We initially concentrate our efforts on the codeword for the 8-transmit-antenna system and evaluate conditions on the rotation angles necessary for the codeword to achieve full diversity order. Since several rotation angle pairs may exist that maximize the diversity order, we investigate different criteria for rotation angle selection to further improve error-rate performance. Common choice for rotation angle optimization of QO-STBCs is the maximization of the diversity product which in turn leads to minimization of the pairwiseerror-probability (PEP)-upper-bound at (asymptotically) high signal-to-noise ratios (SNR) [17] . However, for space-time codes with large diversity order and/or large number of transmit antennas, diversity product maximization may not provide satisfactory PEP-bound minimization and error-rate performance over operable SNRs [18] . Contrary to the popular choice of diversity product maximization, we pursue other means of optimizing the rotation angles to improve system performance. Within the class of two-symbol decodable, full rate 8 × 8 QO-STBCs we examine four different rotation angle optimization criteria: (i) We find a new expression for the rotation angles that maximize the diversity product of the suggested codeword. (ii) We show that sum-eigenvalue maximization as proposed in [18] is irrelevant/non-applicable to the 8-transmit-antenna QO-STBCs. (iii) We suggest, instead, and solve minimum-eigenvalue maximization. (iv) Finally, we use directly the PEP-upper-bound to obtain new true PEP-upperbound optimal rotation angles.
The rest of the paper deals with codeword design and rotation angle optimization for the 4-transmit-antenna system. For the 4-transmit-antenna system we allow the channel coefficients of the first 4×4 codeword block to be correlated with the channel coefficients of the next 4×4 codeword block. We show that as long as the correlation is less than 100%, a diversity order of 8 is achieved using only 4 antennas. Using the PEPupper-bound results for fast fading time-correlated channels in [19] , we re-evaluate the PEP-upper-bound to incorporate the channel correlation. We then optimize the rotation angles using the four criteria discussed above for the 8-transmitantenna case. We find that the rotation angles that maximize the diversity product for the uncorrelated 8-transmit-antenna system also maximize the diversity product for the correlated 4-transmit-antenna system. Arguably, this may be somewhat surprising because it did not seem possible in the past to make diversity product rotation angle optimization independent of the correlation coefficient [19] . For the other three criteria, we show that sum-eigenvalue maximization as proposed in [18] is again irrelevant/non-applicable to the 4-transmitantenna case, while the remaining two criteria (minimumeigenvalue minimization and PEP-upper-bound minimization) yield complicated, rather intractable optimization equations as they become dependent on the correlation coefficient.
The paper is organized as follows. In Section II we present the (8×8) code structure for 8 and 4-transmit-antenna systems and describe pertinent ML decoding details. In Section III we examine the diversity order of the codeword for 8 transmit antennas; rotation-angle design criteria are analyzed in Section IV. Section V deals with codeword transmission, diversity order, and rotation angle optimization for the 4-transmitantenna case. Section VI presents simulation results in support of our theoretical developments. A few concluding remarks are drawn in Section VII.
II. CODE STRUCTURE AND TRANSCEIVER MODEL
Let N t be the number of transmit antennas, N r the number of receive antennas, and T the number of time slots over which the code is transmitted. We denote the number of transmitted symbols by K. The eight symbols a k , k = 1, . . . , K = 8, to be transmitted are formed by mapping the incoming bits onto known constellations, e.g. quadratureamplitude-modulated (QAM), while their corresponding constellation rotated versionā k , k = 1, . . . , K = 8, is created byā
where a kR and a kI denote the real and imaginary part of the symbol a k , respectively, and φ, θ, are the rotation angles to be optimized. The symbolsā k are interleaved to form x k , k = 1, . . . , K = 8,
We form/define two symbol matrices X 1 and X 2 as shown below
Consider now availability of either N t = 8 or N t = 4 transmit antennas. Below, we describe our transceiver model for each case.
Case of eight transmit antennas:
We suggest the code-
The (T = 8) × N r received signal matrix Y is given by
where ρ 2 A is the received signal energy at each receive antenna, H is the 8 × N r channel matrix and N is the 8 × N r noise matrix. The elements of H and N are modeled as independent and identically distributed complex Gaussian random variables of zero mean and unit variance without loss of generality; ρ = √ 2 satisfies the energy constraint E{ X 2 F } = T N t (E{·} is the expectation operator and · 2 F denotes Frobenius norm of a matrix). From an implementation point of view, reduction of the large peak-to-average-power ratio (PAPR) created by the zeros during transmission of (4) can be achieved by multiplying X by an 8 × 8 normalized Hadamard matrix before transmission. This effect is reversed at the receiver by multiplying the received signal matrix by the transpose of the Hadamard matrix. The net transceiver model still maintains the form in (4) and (5) by virtue of the orthogonality of the Hadamard matrix.
Case of four transmit antennas: Assume now that we have available only N t = 4 antennas. We transmit X 1 in the first four time slots and X 2 in the next four time slots. The 4 × N r received signal matrices Y 1 and Y 2 are given by
Similar to the 8-transmit-antenna case, the elements of the 4 × N r matrices, H 1 , H 2 , N 1 and N 2 are modeled as identically distributed complex Gaussian random variables (with zero mean and unit variance); ρ 2 A is the received signal energy at each receive antenna; ρ = 1 satisfies the energy
Individually within a matrix, the entries are taken to be independent from each other; N 1 as a whole is independent of N 2 , H 1 and H 2 are independent from N 1 and N 2 , but H 1 and H 2 are characterized as potentially correlated with each other via a correlation coefficient p. To express the correlation between the elements of the two channel matrices we define the extended channel matrix
T and obtain
where h ej , j = 1, . . . , N r , are the columns of H e and p is the correlation coefficient. In similar fashion to H e , the extended noise matrix may be defined as
Combining Y 1 and Y 2 in (6) into a single equation we have
where
T and X is defined in (4). It is important to note that (6) represents a system with timecorrelated channel coefficients while (8) represents a system in which the channel coefficients are correlated across space (channel coefficients of the four actual antennas correlated with the channel coefficients of the four virtual antennas). This distinction is important when obtaining the PEP-upper-bound for the 4-transmit-antenna system later in the presentation.
We now proceed with the description of the ML detector for both cases. Let A represent the symbol constellation and Z denote the set of |A| K symbol vector points (| · | denotes cardinality of a set) in the complex K-dimensional space. If f (·) represents the one-to-one mapping of the symbol vector a ∈ A K into X, for the 8-antenna case the ML estimate of the symbol vector assuming perfect channel state information at the receiver is
where y j , h j , j = 1, . . . , N r , are the columns of Y and H respectively. ExpandingX HX we havê
Substituting (1) and (2) in (11) (9) to obtain a similar result. Since both Y 1 and Y 2 are required for optimal decoding, the proposed algorithm decodes every eight slots as opposed to four slots for conventional 4-transmit-antenna schemes.
As a concluding remark, we can show that our suggested code structure in (4) for the 8-transmit-antenna case is equivalent to the one in [13] . However, we do favor the code in (4) for two reasons: (i) Its simplicity in code construction enables our theoretical analysis on rotation angle optimization and, (ii) unlike the codewords in [13] , [14] , the codeword in (4) may be applied to a 4-transmit-antenna system across eight timeslots without omitting any symbols. Having shown already that the code supports ML-optimal two-symbol decoding, we now evaluate its diversity order and seek the rotation angles that improve error-rate performance.
III. DIVERSITY ORDER CALCULATION: EIGHT TRANSMIT ANTENNAS
The probability of receiving the codeword X when X = X is transmitted is upper bounded by [17] 
where R is the rank of (X − X) and λ i , i = 1, . . . , R, are the eigenvalues of (X − X) H (X − X). The minimum value of R obtained over all codeword pairs is called the diversity order of the system [17] and dictates the slope of the errorrate curves at asymptotically high SNR values. To evaluate the diversity order of the codeword in (4), we seek the eigenvalues of (X − X)
The block diagonal nature of ΔX H ΔX in (14) allows us to calculate its eigenvalues as {(Δa − Δb) , (Δa + Δb), (Δc − Δd), (Δc + Δd)} which exist with multiplicity of two. Expanding and simplifying, the eigenvalues are as shown below:
As each eigenvalue is a summation of squares, without loss of generality suppose Δā 1R , Δā 1I , Δā 3R , Δā 3I = 0, the set of minimum eigenvalues over all possible codewords pairs is
and represents the worst case scenario for the upper bound in (13) . As long as all eigenvalues in (17) are non-zero, the codeword X achieves the maximum diversity order of 8.
We now attempt to identify conditions on the rotation angles that have to be satisfied to allow the codeword X to achieve full diversity order. It is easily observed that all the eigenvalues in (17) are non-zero if and only if the product of the eigenvalues in (17) is non-zero, which in turn is the square root of the minimum value of the determinant of the ΔX H ΔX. We have,
For fixed φ, θ, we categorize (18) into five cases depending on the values of Δa 1R , Δa 3R , Δa 1I , Δa 3I . Note that we cannot have Δa 1R = Δa 3R = Δa 1I = Δa 3I = 0. any of cos(φ), sin(φ), cos(θ), sin(θ) is zero, full diversity order is not achieved.
1) Only one non-zero value (f or example
Δa 3R = Δa 1I = Δa 3I = 0, Δa 1R = 0): min det(ΔX H ΔX) = [(Δa 1R cos(φ)) 2 (Δa 1R sin(φ)) 2 ] 4 . (19) If
2) Two non-zero values
Let A denote the constellation of the symbols a k , k = 1, . . . , K, and A φ , A θ denote the constellations of symbols formed by rotating A by φ and θ, respectively. If any two symbols chosen from A φ or A θ have the same real part or the same imaginary part, full diversity order cannot be achieved.
3) Two non-zero values both either real or imaginary (f or example
If θ = φ, full diversity order cannot be achieved.
4) Two non-zero values, one from real part of one symbol and other from imaginary part of another symbol (f or example
If θ = φ ± π/2, full diversity order cannot be achieved.
5) All values are non-zero (that is
If the square distance between the real parts of any two symbols from A φ is equal to the square distance between the real parts of any two symbols from A θ or the square distance between the imaginary parts of any two symbols from A φ is equal to the square distance between the imaginary parts of any two symbols from A θ , full diversity order is not achieved.
For a given constellation, several pairs of φ, θ may exist that satisfy the exclusion conditions listed above. In the next section, we investigate four different criteria for rotation angle optimization.
IV. ROTATION ANGLE OPTIMIZATION: EIGHT TRANSMIT ANTENNAS
We now consider four different criteria to optimize the rotation angles and for each criterion, we show how φ, θ can be obtained for the codeword in (4) using (17) . For ease in reference, our findings (values of φ, θ for each criterion) are summarized in Table I .
A. Diversity product maximization
At high SNR values assuming full transmit diversity order and N r = 1, (13) can be approximated by
Worst-case minimization of the bound in (23) is equivalent to maximization of the minimum product of the eigenvalues (determinant of ΔX H ΔX) over all possible codeword pairs, which in turn is commonly represented by the diversity product ζ,
Diversity product maximization was used as the rotation angle design criterion in [13] , [14] . For the codeword in (4), the minimum determinant of ΔX H ΔX over all codeword pairs is
in which parameters φ and θ should be chosen to maximize (25). We evaluate and conclude (see Table I ) that the codeword in (4) (and the codewords in [13] , [14] ) achieve diversity product of 0.1747 with 4-QAM constellation and 0.1071 with the non-rectangular 8-QAM constellation for the 8-transmitantenna case.
B. Minimum sum-of-eigenvalues maximization
In [18] , it was proposed that for high diversity order systems (number of transmit antennas greater than four) the minimum trace of ΔX H ΔX is to be maximized over all codeword pairs. From our expression (16), we observe that 
which is independent of φ, θ. Hence, for the proposed codeword and that of [13] , [14] , the sum-of-eigenvalues criterion in [18] is not relevant.
C. Minimum eigenvalue maximization
If r < N t eigenvalues of ΔX H ΔX are significantly less than 1, then even for large SNR values, 1 + Aλi 4Nt 1 and (13) is approximated by
.
The system seems to lose diversity; for the codeword in (4) and the proposed codewords in [13] , [14] the occurrence of the eigenvalues in pairs causes loss of diversity in steps of two. In such circumstances, it appears reasonable to consider rotation angle choices that maximize the minimum possible eigenvalue over all pairs of codewords. For our code structure in (4), the rotation angles that maximize the minimum eigenvalue are
(28) The solution is listed in Table I .
D. PEP-bound Minimization
We now show that for all STBCs that employ CR and have no more than two unique eigenvalues of equal multiplicity of ΔX H ΔX over all possible codeword pairs, maximization of the diversity product is equivalent to minimization of the upper bound on PEP for all SNRs. Minimization of the bound in (13) 
where q denotes the multiplicity of the eigenvalues. Since
F is independent of rotation angles 1 we need to maximize only the product of the eigenvalues to minimize the bound in (13) . In the case of a single unique eigenvalue (as in O-STBCs for example), the STBC is independent of the rotation angle.
While the case of two unique eigenvalues of equal multiplicity applies to the 4 × 4 QO-STBCs proposed in [7] , [10] , [11] and their choice of rotation angle is PEP-bound optimal, for the 8 × 8 codewords four unique eigenvalues exist and maximizing the eigenvalue (diversity) product over all possible codeword pairs does not necessarily minimize the maximum bound in (13) .
We now directly find the rotation angles that minimize the maximum (worst case) PEP-upper-bound. Substitution of (17) in (13) gives us the worst case scenario for all codeword pairs. We need to optimize φ, θ such that
. Suitable values for A can be chosen such that Aλ i > 1 for all i = 1, 2, 3, 4. The optimized angles are listed in Table I .
V. DIVERSITY ORDER CALCULATION AND ROTATION ANGLE OPTIMIZATION: FOUR TRANSMIT ANTENNAS
In this section, we aim to extend the results that we have obtained for the 8-transmit-antenna case to the correlated 4-transmit-antenna system. For clarity in presentation we would like to reiterate our transmission scheme for 4-transmitantennas. We transmit X 1 in the first four time-slots and then X 2 in the next four time slots. Upon reception of both Y 1 and Y 2 , the ML estimate of the transmitted signal vector a is obtained by joint two symbol decoding as described in Section II. We now aim to show that this transmission scheme has a diversity order of 8.
To proceed we need to reevaluate the PEP-upper-bound in (13) due to the correlation that exists between elements of H 1 and H 2 . The new PEP-upper-bound can be obtained either by considering the time-correlated channel model in (6) or the space-correlated channel model in (8) . We begin with the time-correlated model in (6) .
T and ΔX t = X t − X t where X t = X t , the PEP for a time-correlated fast fading channel (channel coefficients changing every time slot) is upperbounded by [19] 
where r t is the rank of the matrix (ΔX t ΔX H t ) • R t (• is the Hadamard product operator), Λ ti , i = 1, . . . , r t , are the non-zero eigenvalues of (ΔX t ΔX H t ) • R t , and R t is the time-correlated channel matrix to be evaluated. Conforming with the signal model in [19] , with T = 4 and N r = 1 the received signal vector y e1 = [y
T (y 1 and y 2 are the first columns of Y 1 , Y 2 in (6)) is
where D i = diag{x ti } are the 2T × 2T matrices created by the columns of X t , x ti , i = 1, 2, · · · , N t . The 2T × 1 noise vector n t satisfies E{n t n findings in [19] where for fast fading time-correlated channels optimal diversity-product rotation angles are a function of the correlation coefficient p. We can also observe that when p = 1, the diversity product in (38) becomes zero and the maximum achievable rank of R s ΔX H ΔX is 4 (Δa = Δc and Δb = Δd) which is intuitively satisfying and expected as X 2 experiences the same fading as X 1 .
B. Minimum sum-of-eigenvalues maximization
Substituting from (12), we have
(39) which is independent of the rotation angles φ, θ. Hence, once again, maximization of the minimum sum of eigenvalues (criterion suggested in [18] ) is irrelevant to this system. Obtaining φ, θ under the other two criteria proposed in Section IV (minimum eigenvalue maximization and direct PEPbound minimization) requires knowledge of each individual eigenvalue of R s ΔX H ΔX. Even though the eigenvalues can be evaluated, they yield complicated expressions that are functions of p.
As a concluding remark, a most important aspect of the proposed transmission scheme for the 4-transmit-antenna case is that it enables transmit diversity order of 8 with no additional physical hardware at the transmitter (4 antennas only) and requires only joint two-symbol decoding at the receiver. In the section below, we evaluate the error-rate performance of the codeword X along with the various criteria for rotation angle optimization proposed in Section IV.
VI. SIMULATION STUDIES
We present and discuss simulation studies for the 4 and 8-transmit-antenna cases with N r = 1.
A. Four Transmit Antennas
To gauge the performance of the proposed 8 × 8 QO-STBC transmitted by 4 antennas only, we compare its error rate against the 4 × 4 QO-STBC codeword in [7] . To the best of our knowledge, for a system with 4 transmit antennas the code in [7] has the best error-rate performance of all QOSTBCs that jointly decode two symbols or less. Since our proposed codeword has diversity order of 8 and rate 1 over 8 time slots, we may compare against two different 4 × 4 QO-STBC transmission schemes. In one scenario, we transmit the 4 × 4 QO-STBC codeword over the first four time slots and then repeat the same codeword over the next four time slots to maintain diversity order of 8 with, however, code rate 1/2 (4 symbols over 8 time slots). In the second scenario, we transmit a 4 × 4 QO-STBC codeword over the first four time slots and then transmit a new 4 × 4 QO-STBC codeword over the next four time slots to maintain code rate of 1 (8 symbols over 8 time slots) with, however, diversity order 4.
The elements of the channel matrices, h 1i,j in H 1 and h 2i,j in H 2 , are correlated and generated as follows: where z i,j ∼ CN(0, 1) and p is the correlation coefficient (CN stands for complex Gaussian distribution). In Fig. 1 , we plot the block-error-rate as a function of the received signal-tonoise-ratio (SNR) for (i) our 4-antenna codeword transmission scheme in (3), (ii) transmission rate 1/2, diversity order 8 transmission of the 4 × 4 QO-STBC of [7] , and (iii) transmission rate 1, diversity order 4, 4 × 4 QO-STBC. We consider three channel fading correlation scenarios, p = 0, p = 0.5, and p = 0.8. For rate 1 codewords, we select the symbols from a 4-QAM constellation, while for rate 1/2 codewords the symbols are chosen from a 16-QAM constellation to maintain equal spectral efficiency for all transmission schemes. The rotation angles for our proposed codeword are {φ, θ} = {37.9, 21.4} under diversity product minimization, while for the 4 × 4 QO-STBC codeword the rotation angle is π/4 as calculated in [7] . Since the 4 × 4 QO-STBC has only two unique eigenvalues, the angle of π/4 is also PEP-bound optimal (not the case, however, for the proposed 4-transmit-antenna transmission scheme). From Fig. 1 , we observe a substantial gain in performance achieved by transmitting the proposed 8 × 8 codeword over four antennas when compared with the two other 4 × 4 QO-STBC schemes. The best achievable performance from the 4 × 4 QO-STBC codeword of [7] is the direct rate 1, diversity order 4 transmission, which the proposed transmission scheme outperforms handily even in the extreme scenario of 80% channel correlation. In fact, to that respect it may be worth noting that our matrices X 1 and X 2 may not need to be transmitted directly one after the other in time. Separating the transmissions of the two codeword blocks over several time-slot blocks (block interleaving) may help reduce the effective coefficient value of p when allowed.
B. Eight Transmit Antennas
We now evaluate the performance of the 8 × 8 QO-STBC in (4) under 8-element antenna transmission and minimum eigenvalue CR optimization by (28), diversity product CR optimization by (25), and the proposed direct maximum PEPbound CR optimization by (30). In Fig. 2 , we plot the blockerror-rate versus SNR when the symbols are chosen from a 4-QAM constellation. For direct PEP-bound optimization of φ, θ, we solve for A to obtain a received SNR of 20dB. We observe that the rotation angles that maximize the diversity product and the rotation angles that minimize the maximum PEP bound provide the best results, with the latter having indeed better performance. The exact angle values are shown in Table I (along with the resulting diversity product and minimum eigenvalue).
In Fig. 3 , we repeat the studies of Fig. 2 for symbols chosen from an 8-QAM non-rectangular constellation [8] . To obtain the PEP-bound optimal φ, θ, values we solve for A that corresponds to received SNR of 30dB. Again, all calculated values are given in Table I . For reference purposes, we include in our comparisons the 8 × 8 single-symbol decodable STBC in [10] . Since the code in [10] contains only two unique eigenvalues the rotation angle of tan −1 (1/2) is PEP-bound optimal for that code; since its rate is 3/4, we select symbols from a 16-QAM constellation to ensure equal spectral efficiency for all codewords under comparison. Our PEP-bound optimized codeword in (4) offers a gain of about 1 dB over the single-symbol decodable STBC in [10] . The minimum eigenvalue optimized version performs almost similarly well. As argued in Section IV.C, due to decreased values of the minimum eigenvalues as compared to the 4-QAM scenario, the maximum diversity (eigenvalue) product optimized system seems to lose diversity over the operable SNR range. Similar performance loss was also observed in [13] when the rotation angles were chosen to maximize the diversity product.
VII. CONCLUSIONS
We proposed an alternative representation of the 8 × 8 twosymbol decodable quasi-orthogonal space-time block code (QO-STBC) that can be used on both 8 and 4-transmit-antenna systems. For the 8-transmit-antenna system, we derived three different sets of rotation angle values: maximum diversityproduct optimal, maximum minimum-eigenvalue optimal, and minimum maximum-pairwise-error-probability-bound (PEP) optimal. Most importantly, the proposed codeword doubles the transmit diversity order of a 4-transmit-antenna system. By obtaining new expressions for the PEP-upper-bound for correlated channels we were able to find rotation angles that maximize the diversity product of 4-antenna transmission systems and proved that the rotation angles are independent of the correlation coefficient. As a by-product, we showed that for the proposed codeword, maximization of the sum of eigenvalues is an irrelevant/non-applicable criterion (for both 8 and 4-antenna transmissions).
